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1 Express sech 2x in terms of exponentials and hence, by using the substitution u = e2x, find ∫sech 2x dx. [5]

2 A curve has polar equation r = cos θ sin 2θ, for 0  θ  1
2π. Find

 (i) the equations of the tangents at the pole, [2]

 (ii) the maximum value of r, [4]

 (iii) a cartesian equation of the curve, in a form not involving fractions. [3]

3 (i) By quoting results given in the List of Formulae (MF1), prove that tanh 2x ≡ 
2 tanh x

1 + tanh2 x
 . [2]

 (ii) Solve the equation 5 tanh 2x = 1 + 6 tanh x, giving your answers in logarithmic form. [6]

4 It is given that the equation x4 − 2x − 1 = 0 has only one positive root, α, and 1.3 < α < 1.5.

 (i)

O

y

x

  The diagram shows a sketch of y = x and y = 2x + 14  for x  0. Use the iteration xn+1 = 2xn + 14  with 
x1 = 1.35 to find x2 and x3, correct to 4 decimal places. On the copy of the diagram show how the 
iteration converges to α. [3]

 (ii) For the same equation, the iteration xn+1 = 1
2!x 4

n  − 1" with x1 = 1.35 gives x2 = 1.1608 and x3 = 0.4077, 

correct to 4 decimal places. Draw a sketch of y = x and y = 1
2!x4 − 1" for x  0, and show how this 

iteration does not converge to α. [2]

 (iii) Find the positive root of the equation x4 − 2x − 1 = 0 by using the Newton-Raphson method with 
x1 = 1.35, giving the root correct to 4 decimal places. [4]
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5 A function is defined by f(x) = sinh−1 x + sinh−1 !1x", for x ≠ 0.

 (i) When x > 0, show that the value of f(x) for which f !(x) = 0 is 2 ln !1 + 2 ". [5]

 (ii) 

O

y

x

  The diagram shows the graph of y = f(x) for x > 0. Sketch the graph of y = f(x) for x < 0 and state the 
range of values that f(x) can take for x ≠ 0. [3]

6 It is given that, for non-negative integers n,

In = ∫
π

0
xn sin x dx.

 (i) Prove that, for n  2, In = πn − n(n − 1)In−2. [5]

 (ii) Find I5 in terms of π. [4]
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7

O

y

y = —x

1

1

1 3 4 n–1 n2
x

 The diagram shows the curve y = 1x for x > 0 and a set of (n − 1) rectangles of unit width below the curve.

 These rectangles can be used to obtain an inequality of the form

1
a + 1

a + 1 + 1
a + 2 + ... + 

1
b < #n

1

1
x dx.

 Another set of rectangles can be used similarly to obtain

#n

1

1
x dx < 

1
c + 

1
c + 1 + 

1
c + 2 + ... + 

1
d .

 (i) Write down the values of the constants a and c, and express b and d in terms of n. [3]

 The function f is defined by  f(n) = 1 + 
1
2 + 

1
3 + ... + 

1
n − ln n,  for positive integers n.

 (ii) Use your answers to part (i) to obtain upper and lower bounds for f(n). [4]

 (iii) By using the first 2 terms of the Maclaurin series for ln (1 + x) show that, for large n,

    f(n + 1) – f(n) ≈ – 
n − 1

2n2(n + 1)
 . [5]
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8 The curve C1 has equation y = 
p(x)
q(x) , where p(x) and q(x) are polynomials of degree 2 and 1 respectively. The

asymptotes of the curve are x = −2 and y = 1
2x + 1, and the curve passes through the point ! –1, 17

2  " .

 (i) Express the equation of C1 in the form y = 
p(x)
q(x) . [4]

 (ii) For the curve C1, find the range of values that y can take. [4]

 Another curve, C2, has equation y2 = 
p(x)
q(x) , where p(x) and q(x) are the polynomials found in part (i). 

 (iii) It is given that C2 intersects the line y = 1
2x + 1 exactly once. Find the coordinates of the point of 

intersection. [4]
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Question Answer Marks Guidance 
1   

B1 For sech2x expression oe 
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2sech 2

e ex xx
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M1 

 
 
 
 
 

A1 

 
For differentiating substitution correctly and substituting into 
their integral 
 
 
 
 
For correct integral 

 

� �

2 2

2 2

22 2

2

d 2e d   
1 1ln d d
2 2

2sech2 d d
e e

2 d.
2ee e

1 d
1

x x

x x

xx x

u e u x
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u
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 �  

�   
�

 
�

 
�

³ ³

³

³

or 

 

� �1 1 2tan ( ) tan e xu c c� � �  �  
   M1 

A1 
For integration to tan�1( ) 
For correct expression (c required) 

 

    [5]   
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Question Answer Marks Guidance 
M1 For r = 0 (soi) and attempt to solve for θ  2 (i)  0 cos 0, sin 2 0r T T �    

   �  A1 For both values and no others (ignore values outside range)  1
20,T S  

    [2]   
2 (ii)  d sin sin 2 2cos 2 cos

d

0

r T T T T
T
 � �

 
 

 
Alternatively: 

2 3 2d2cos sin 2cos 4cos sin
d

rr T T T T T
T

 �  �

 

 
M1 

 
A1 

 

For attempt to find 
d
d

r
T

  using product rule 

 

For correct  
d
d

r
T  set = 0 soi 

 
 

 

    

�

 
 

  
 2 22sin cos 2(1 2sin )cosT T T T �  

       
   

�  
1 2 1sin cos , tan
3 3 2

T T T
§ ·

   ¨ ¸¨ ¸
© ¹

 A1 For correct value of sinT  (OR cos tanORT T ) or decimal 
equivalent; sinT = 0.546 or cosT� �������or�tanT� ������ 

 

   
� A1 For correct r or anything that rounds to 0.77  

 
4 4 3

93 3
r    

    [4]   
 2 (iii)  OR siny r T  M1 For substituting cosx r T  cosx r T , siny r T  

M1 For  2 2 2r x y �  soi    
� .2x y xr

r r r
  

A1 For a correct cartesian equation 
Any equivalent form without fractions 

    
� � �22 2 22x y x y�   

    [3]   
 

6 



4726 Mark Scheme June 2012 

Question Answer Marks Guidance 
3 (i)  M1 For 

sinh 2
cosh 2

x
x

 and use double angle formulae 
 
 
 
 

2 2
sinh 2 2sinh coshtanh 2
cosh 2 cosh sinh

x x xx
x x x

{ {
�

 

A1 For division by cosh2x seen N.B. Tanh(A + B) 
not in formula 
book 

   
2

2 tanh

1 tanh

x

x
{

�
 

       
       
    [2]   

M1 
 

A1 

For using (i) to obtain equation in t. 
 
Correct cubic equation 

 3 (ii)  

� � � �2

3 2

10 1 6
1

6 4 1 0

t t
t

t t t

 �
�

� � � �  

 

 � �� �� �1 3 1 2 1 0t t t� � �   M1 Attempt to solve cubic (calculator OK)     �
A1 Solution. Ignore any extra values at this stage     � � � 1 1

3 21 , ,t  �  
   1

2
1ln
1

tx
t

�
 

�   
M1 
A1 

For using ln form for 1tanh�  
Correct 2 values (only) oe 

 
� 1 1

2 2ln 2, ln 3x   

    [6]   
   Alternative:                                    M1 

� �� �
4 2

2 2

2

e 5e 6 0 A1

e 2 e 3 0 M1

e 2, 3 A1
2 ln 2, ln 3 M1

1 1ln 2, ln 3 A1
2 2

x x

x x

x

x

x

� �  

� � �  

�  
�  

�  

 

     

 Use exponentials to obtain a quadratic in e2x 
Correct 
 
Solve quadratic 
 
Soln 
Take logs 
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Question Answer Marks Guidance 
4 (i)     
   B1 For correct value (4 d.p. or better)  
   B1 For correct value.    
      
   B1 For sketch showing staircase towards α. 

(Vertical lines do not need to be labelled) 
 

 
  
    
  
 

      
      
      
      
      

y

   [3]    
4 (ii)   

 
B1 

 
 
 
 
 

B1 

 
 
For sketch 
like

 
 
 
 
 
 
 
 
 
 
 
 

� �41
2 1y x �  and y = x (curve or continuation of curve 

cuts - y axis.) 
 
 
For sketch showing staircase away from α.("Away" means 
labelling or arrows required.) 
Labelling means x1, x2,... in right place or numeric values. 

 

    [2]   
4 (iii)  4

1 3
2 1

4 2
n n

n n
n

x x
x x

x
�

� �
 �

�
 

 
M1 
A1 

 
For deriving the iterative formula 
For correct formula 

 

   A1 For 1st value  1.35 1.398268o  
   A1 For correct 4dp α with 2 iterates equal to 4 dp. (i.e. last two 

iterates agree to 4dp) www 
 1.395348 1.395337o o  

   � 1.3953    
    [4]   
 

O xx1x2x3 D

y

O xx1 x2 x3D

x2 = 1.3869... 
x3 = 1.3938 
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Question Answer Marks Guidance 
M1 
B1 

For attempt to differentiate using chain rule. 
First  term correct 

 5 (i)  
22

2

1 1 1f ( ) .
11 1

x
xx

x

�c  �
� �

 

      

2

1 11
1 xx

§ · �¨ ¸
© ¹�

 

   = 0 � x  = 1 M1 
A1 

For attempt to solve their f '(x)  = 0  
For correct value of x (ignore x = �1)www 
 

 

   � �1f (1) 2sinh 1 2ln 1 2�  �  A1 For correct value obtained WWW  AG  

    [5]   
5 (ii)  

 

 
 

B1 
 
 

 
 
For correct shape in 3rd quadrant only(condone inclusion of 
the 1st quadrant part given) 

  
 
 
 
 
 
 
 
 
 
 

y

O x

   � � � �^ `f ( ) 2ln 1 2 , f ( ) 2 ln 1 2x x� � �. -  B1 
B1 

For one part of  range 
For other part of range 
SC B1 Both ranges correct but < and > used 

 

    [3]   
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Question Answer Marks Guidance 
6 (i)  M1 

A1 
For attempt to integrate by parts 
For correct result before limits 

 1
0 0

cos cos dn n
nI x x n x x x

SS �ª º � �¬ ¼ ³  

   M1 
A1 

For attempt at second integration by parts 
For correct result before limits 

 1 2
0 0

sin ( 1) sin dn n nn x x n x x x
SS

S � �­ ½ª º � � �® ¾¬ ¼¯ ¿³  

       
A1 For correct result www  AG     � 2( 1)n

n nI n n IS � � �  
    [5]   
6 (ii)  M1 For integrating by parts for 

> @1 0 0
cos cos dI x x x x

SS � � ³  1I  
 

 

A1 For correct I1  
SC B1 I1 = S with no working 

    
� > @1 0sinI x SS S �   

   M1 For substituting n = 3 or 5 in reduction formula  3
3 16I IS �  ,  5

5 320I IS �  
   � A1 For correct result   5 3

5 20 120I S S S � �  
    [4]   
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Question Answer Marks Guidance 
7 (i)  a = 2,  b = n 

c = 1,   d = n � 1 
B1 
B1 
B1 

 for any 2 correct  
 for the third correct  
 for all four correct. Allow values inserted in series. 

 

     SC treat 
 1

2a   etc as MR –1 once 
    [3]   
7 (ii)  B1 For integral evaluated soi (Definite integral between 1 and 

n) 

 

1

1 d ln
n

x n
x

 ³  

   1 11 1 ln
2

n
n

� � � � �!    

�  per bound) 

M1 

 

A1 
 

For adding 1 OR

f ( ) 1n �  (up

 1
n  to series  

 
For correct upper bound 

 

   
�  

1f ( )n
n

!  (lower bound) 

 

A1 For correct lower bound  

    [4]   
7 (iii)  B1 For correct expression  1f ( 1) f ( ) ln( 1) ln

1
n n n n

n
� �  � � �

�
 

   M1 
 

M1 

For combining ln terms 

For attempt to expand 
1ln 1
n

§ ·�¨ ¸
© ¹

 

Any expansion of 
ln(1+n) oe is 0 2

1 1 1 1 1ln
1 1 2

n
n n n n n

� § ·§ · � | � �¨ ¸¨ ¸� �© ¹ © ¹
 

    

2
1 2 1

1 2
n

n n
�

| �
�  

 
A1 Correct expansion of 

1ln 1
n

§ ·�¨ ¸
© ¹

 

   A1 For correct expression AG  
2

1
2 ( 1)

n
n n

�
| �

�
 

    [5]   
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Alternative answer to 7(iii) 
Question Answer Marks Guidance 

B1 For correct expression  7 (iii)  1f ( 1) f ( ) ln( 1) ln
1

n n n n
n

� �  � � �
�

 

   

2

2

1 1ln
1

1 ln
1 1

1 1ln 1
1 ( 1)

1 1 1
1 ( 1) 2( 1)

1
2( 1)

n
n n

n
n n

n n

n n n

n

�§ · � ¨ ¸� © ¹
§ · � ¨ ¸� �© ¹
§ ·

 � �¨ ¸� �© ¹
§ ·

 � � �¨ ¸¨ ¸� � �© ¹

 �
�

 

 

 

M1 

 

 

M1 

 

A1 

 

 

 
 
 
For combining ln terms and attempt to expand 

 

For attempt to expand 
1ln 1

( 1)n
§ ·
�¨ ¸�© ¹

 

Correct expansion of 
1ln 1

( 1)n
§ ·
�¨ ¸�© ¹

 

 

 

Max 4 
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Question Answer Marks Guidance 
8 (i)  B1 For correct q( )x soi oe  q( ) 2x x �  

M1 For expressing y in this form. Allow cx d�  for A     
1
2 1

2
Ay x

x
 � �

�  

   � �17
21, 8A� �   

A1 For correct A  

 A1 For correct p( )x     21
2 2 10

2

x x
y

x

� �
 

�
�  21

2p( ) 2 10x x x � �  Allow equal multiples of p( )x  and q( )x  

    [4]   
   Alternative:                      B1  For correct q( ) 2x x �            q( )x soi  oe  
   2 2 4( 2 )

q( ) 2
ax bx c c b ay ax b a

x x
� � � �

  � � �
� M1 

 For division by their q(x)  1st line of division and 
1st term in quotient 
should be seen for 
correct method 

   1
2 1y x �  � 1

2 , 2a b                               A1  For correct a and b oe  

   � �17
21,�  � 2 4 8c b a� �   � 10c              A1  For correct c oe  

       
M1 For attempt to rearrange as quadratic in x  8 (ii)  � �21

2 2 10 2 0x y x y� � � �   
   � M1 For use of  2 4 0b ac� .   � �22 2(10 2 )y y� �.  

2 4b ac�  ( or or  or < or >)d t   

   
� �   2 16y t  ^ `4, 4y yd � t  
(pto for alternative) 

A1 
A1 

For critical values 4r   
For correct range. ( Must be ≤ and ≥) www 

 

    [4]   
8 (iii)  B1ft For a correct equation derived from intersection of 

2C  with 1
2 1y x �   FT from (i) 

 
� �

212 21
2

2 10
1

2

x x
x

x

� �
�  

�
OR 

2 4y y
y

 �  

M1 
A1 

For obtaining a cubic 
Correct cubic 

    3 24 4 32 0x x x� � � �   OR 3 2 4 0y y� �   

   �  (2, 2) A1 Coordinates correct www  
    [4]   

13 



4726 Mark Scheme June 2012 

14 

Alternative to 8(ii) 
Question Answer Marks Guidance 

8 (ii)  

� �� �

� �

� �� �

� �� �

2

2

2

2

2 2

1 2 10
2

2
12 2 2 10

d 2
d 2

10 when 2 2 2 10
2

1 2 6 0 4 12 0
2

6 2 0
2, 4 6, 4

x x
y

x

x x x x
y
x x

x x x x

x x x x

x x
x y x y

� �
 

�
§ ·� � � � �¨ ¸
© ¹�  
�

§ · � �  � �¨ ¸
© ¹

� � �  � � �  

� � �  

�    �  �

 

M1 
 
 
 
 
 
 
 

M1 
 
 
 
 
 

A1 
 

Diffn using quotient rule 
 
 
 
 
 
 

Attempt to find soln using 
d 0
d
y
x
  

 

       
   ^ `4, 4y yd � t  A1 For correct range. ( Must be ≤ and ≥) www  
         
   Alternatively: 

� �

� �
� �

2

2
2

1 81
2 2

d 1 8                                   M1
d 2 2

1 80  when 2 16 M1
2 2

2 4 2   or  6
4  or  4                                        A1

y x
x

y
x x

x
x

x x
y

 � �
�

�  �
�

 � � �  
�

� �  r �  �
�  �

     

^ `4, 4y yd � t                                           A1 

  
 
 
 
Diffn using chain rule 
 

Attempt to find soln using 
d 0
d
y
x
  

 
 
 
For correct range. ( Must be ≤ and ≥) www 

 

      


